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1 Introduction 



Let X C be a projective scheme over an algebraically closed field K . 
We denote by Xx the ideal sheaf of X. Then X is said to be m-regular if 
W{P^,Ixim - i)) = for all i > 1 (cf. ^]). The Castelnuovo-Mumford 
regularity reg(X) of X C P^, firstly introduced by Mumford by generalizing 



ideas of Castelnuovo, is the least such integer m. The interest in this concept 
stems partly from the well-known fact that X is m-regular if and only if for every 
p > the minimal generators of the p-th syzygy module of the defining ideal / 
of X C P^ occur in degree < m + p (see, e.g., [D). There are good bounds in 
some cases if X is assumed to be smooth (see |^ and the references there). 

Our interest is to consider the case X being locally Cohen-Macaulay and 
equidimensional. Under this assumption there is a non-negative integer k such 
that 



(Xo, ■ ■ ■ , X 



N 



w (p 



for 1< i < dimX, 



where P^ 



In this case X C P^ is called a /c-Buchsbaum 



Proj K[Xor--,Xx 
scheme. A refined version is a {k, r)-Buchsbaum scheme introduced in ||^ 



m 



Let k and r be integers with A; > and 1 < r < dimX. Then we call 
X ^ a {k, r)-Buchsbaum scheme if, for all j = 0, ■ ■ ■ , r — 1, X fl is a fc- 
Buchsbaum scheme for every (X — j)-dimensional complete intersection V in P^ 
with dim(X r\V) = dim(X) — j, (see (2.3) and see also (2.4) for an equivalent 
definition in case k = 1.) 

In recent years upper bounds on the Castelnuovo-Mumford regularity of such 
a variety X C P^ have been given by several authors in terms of dim(X), deg(X), 
k and r, (see, e.g., [jlT|, [|^, [^). These bounds are stated as follows: 



reg(X) < 



deg(X) - 1 
codim (X) 



+ C{k,r, d), 



where d = dimX, C{k,r,d) is a constant depending on k, r and d, and \n\ is 
the smallest integer i > n for a rational number n. In case X is arithmetically 
Cohen-Macaulay, that is. A; = 0, it is well-known that C{k,r,d) < 1, (see, e.g., 

1 it was shown that C{k,l,d) < 

1 ^ 



22 



d 



. We assume k > 1. In case r 

k — d + 1 in |12|. In |TlI] (in a slightly weaker form) and |jT9| it was 



improved to C(A;, 1, (i) < {2d—l)k — d+l. Further, a better bound C(A;, 1, rf) < dk 
was obtained in [^. The general case r > 1 was firstly studied in [|T0|, which was 

/ _|_ 2 — r \ 

improved in [|T^ by showing that C {k, r, d) < (r — l)k + I ^ \ k — d+ 1. 

The purpose of this paper is to give bounds on reg (X) in terms of dim(X), 
deg(X), k and r, which improve some of the previous results. In general case we 
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show that 

C{k,r,d) <dk-r + l 
in (3.2). Moreover, in case = 1, we show that 



C{l,r,d)< 



in (3.3) 

Our methods here is to use a spectral sequence theory for graded modules 
developed in |T^, [|T5|, in order to get bounds on the local cohomology and 



the Castelnuovo-Mumford regularity. 

Let R be the coordinate ring of X C with the homogeneous maximal 
ideal m. Then we define ai{R) = supjr;,; W^{R)n 7^ 0} for i = 0, ■ ■ ■ , d + 1, and 
reg (R) = max{aj(i?) + i;i = 0, ■ ■ ■ ,d + 1}. It is easy to see that reg (X) = 
reg (R) + 1. Among aj(i?)'s, ad+i{R), which is called an a- invariant of R (cf. 0), 
plays an important role to characterize the graded ring R. The results (2.7) and 
(2.9) on bounds on the cohomology in terms of a-invariants are applied to (3.2) 
and (3.3). 

In section 2, we consider bounds on the cohomology for graded modules. First 
we explain a spectral sequence theory in order to get cohomological bounds. 
Theorem (2.5) is the technical key results of this paper. This theorem gives 
several important results stated in (2.7), (2.8), (2.9), (2.10), (2.11). 

In section 3, we describe bounds on the Castelnuovo-Mumford regularity for 
locally Cohen-Macaulay varieties X C P^. Theorem (3.2) and Theorem (3.3) 
are main results of this section. 

In section 4, we construct sharp examples of (2.8) and (2.11), and conclude 
by describing some open problems. 



2 Bounds on local cohomology 

Throughout this paper let R = K[Ri\ be a Noetherian graded i^'-algebra, where 
K is an infinite field. We denote by m the maximal homogeneous ideal of R. Let 
M be a graded -R-module. We write [M]„ for the n-th graded piece of M and 
M{p) for the graded module with [M(p)]„ = [M]p+„. We set: 

sup(M) = sup{ra; [M]„ ^ 0}. 

If M = 0, we set sup(M) = — 00. Now we assume that M is a finitely generated 
graded -R-module with dimM = d > 0. Then we set: 

ai{M) = sup{H'jM)), z = 0,---,d. 
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Also ad{M) is called the a-invariant of M and written as a{M). The Castelnuovo- 
Mumford regularity of M is defined as follows: 

reg (M) = max{ai(M) + i;i = 0,- ■ ■ ,d}. 

In order to state our results we use the following notation: 

reg„(M) = max{aj(M) + i; i = n, ■ ■ ■ , d} , 

where < n < d. Then we see reg (M) = rego(M) = reg^^gp^j^ ^^^^^(M). 

Let X be a closed subscheme of P^. Let R be the coordinate ring of X. Then 
the Castelnuovo-Mumford regularity of X is defined as follows: 

reg (X) = reg (R) + 1. 

From now on we assume that the graded module M is a generalized Cohen- 
Macaulay module. In other words M is locally Cohen- Macaulay, that is, Mp is 
Cohen-Macaulay for all non-maximal homogeneous prime ideal p of R, and M is 
equi-dimensional, that is, dim(/2/p) = d for all minimal associated prime ideals 
p of M. 



Definition 2.1. Let k be a non-negative integer. The graded R-module M is 
called a k-Buchsbaum module if m'^H^{M) = for all i < d. 



Definition 2.2. (0, ||T0|, [T^). Let k andr be integers with k > and 1 < r < d. 

M is called a {k, r)-Buchsbaum module if for every s.o.p. Xi, ■ ■ ■ ,Xd of M we have 



m'WjM/{xrr--,Xj)M) = 0, 
for all non-negative integers i, j with j < r — 1 and i + j < d. 



Remark. (0, d)-, (1, d)-, and (fc, 1)-Buchsbaum modules are the Cohen-Macaulay, 
Buchsbaum, and /c-Buchsbaum modules respectively. The (1, r)-Buchsbaum mod- 
ule, introduced as r-Buchsbaum module in |M, was studied also in |T3], |T6|. 



Remark. For a fixed integer r, 1 < r < rf, every generalized Cohen-Macaulay 
graded module M has (fc, r)-Buchsbaum property for k large enough, see [Q, 
(2.3). 

Definition 2.3. ([0). Let r and n be integers with 1 < r < n < d. Let 
Xi, - ■ ■ ,Xn be a part of s.o.p. for M. We say Xi, - ■ ■ ,Xn is r -standard, if for any 
choice , ■ ■ ■ , (£ < r — 1) 

(xi, ■ ■ ■ , Xn)Hi{M/{xi,, ■ ■ ■ , Xi^)M) = 



4 



for j + i < d. 



Remark. Standard s.o.p. was introduced in several papers, see, e.g., ||2J]. The 
r-standardness is its generalization. A similar generalization was introduced in 

m, (4.2). 

First we note a characterization of (1, r)-Buchsbaum modules in terms of s.o.p. 
of degree one which improves, e.g., [14], (2.5) of @]. 

Proposition 2.4. Let R = K[Ri\ be a graded ring over an infinite field K . Let 
m he the homogeneous maximal ideal of R generated by Xq, ■ ■ ■ ,Xn- Let M be 
a generalized Cohen- Macaulay graded R-module with dim(M) = d. We assume 
that for all integers < ii < ■ ■ ■ < id < N , Xj^, ■ ■ ■ , Xj^ is a s.o.p. for M. Let r 
be an integer with 1 < r < d. Then the following are equivalent: 

1) M is a {l,r)-Buchsbaum module. 

2) For all integers < ii < ■ ■ ■ < id < N , Xj^, ■ ■ ■ , Xi^ is an r -standard s.o.p. 
for M. 



Proof. It is clear that 1) implies 2). Now we will show that 2) implies 1) by 
induction on r. It is clear in case r = 1. We assume that r > 1. To prove that 
M is a (1, r)-Buchsbaum module we have only to show that, for any part of a 
s.o.p. yi, ■■■ ,yr for M, yi, ■■■ ,yr is r-standard, which is equivalent to saying that 
fyiA---Ayr{^) is a zero map for all r — 1 < g < li — 1 by [|16], (2.3). (Also see the 
notation in |Il6|.) We set yj = Y^iLo ctjiXi for some aji e R. Since Xj^, ■ ■ ■ , Xj^ is 
r-standard for all < ii < ■ ■ ■ < ir < N , we see y^^. A - AXi (^) is a zero map 
by ||16|, (2.3). By virtue of [l^, (3.4), we have that y9y^/^.../\y^(M) is a zero map. 
Thus the assertion is proved. 

The following theorem is the technical key result of this paper. The spectral 
sequence theory as developed in [Q, ||16| plays an important role to prove 
it. 

Theorem 2.5. Let M be a generalized Cohen- Macaulay graded R-module with 
dim(M) = d > 0. Let i and n be integers with < z < — 1 and 1 < n < d. Let 
xi, - ■ ■ ,Xn be a part of s.o.p. for M with deg(xj) = cj > 1, j = 1, ■ ■ ■ ,n. We set 
Cj = maxjcj^ -\- ■ ■ ■ -\- Ci.] 1 < ii < ■ ■ ■ < ij < n} for j = 1, - ■ ■ ,n. Then we have: 

1) If n -\- i < d, then 

sup(i7;(M)/(a:i,---,a:„)i/;(M)) 

< max{aj+j(M) + c^+i, aj(M/(xi, ■ ■ ■ , x„)M); j = l,---,n- 1}. 
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2) Ifn + i>d, then 

sup(if;(M)/(xi,---,x„)ff;(M)) 

< max{ai+j{M) + c^+i; j = 1, - ■ ■ ,d - i}. 

Furthermore let r be an integer with 1 < r < n. Assume that the sequence 
Xi, - ■ ■ ,Xn is r -standard. Then we have: 

3) Ifn + i<d, then 

ai{M) < max{ai+j{M) + c^+i, aj(M/(xi, ■ ■ ■ ,x„)M); j = r, ■ ■ ■ ,n - 1}. 

4) If n + i > d, then 

ai{M) < max{ai+j{M) + cj+i, a{M) + Cd-i+i;j = r, ■ ■ ■ ,d - i - 1}. 



In order to prove (2.5) we need to apply the following spectral sequence cor- 
responding to the graded i?-module M: 

Let /• be the minimal injective resolution of M in the category of the graded 
i?-modules. Let K, be the Koszul complex K,{{xi, ■ ■ ■ , R) for a part of a 
s.o.p. Xi, ■ ■ ■ ,Xn for M. Then we consider the double complex B" = llomfi{K,, I*) 
The filtration Ft{B") = J2p>qt B^'"^ gives a spectral sequence {E^''^} (see, e.g., |^). 
Then we have the following isomorphisms: 

£;r-K^((xi,---,x.);i/^(M)) 

and 



HP+'^{{xu---,Xn);M), p + q<n 

Hl+'i'^\M/{xi, ■ ■ ■ , Xn)M){ei + ■ ■ ■ + e„), p + q>n 



for all p, g, see, e.g., Note that the spectral sequence {E'u^} converges to 



H^+ii^B"). Then we have the following lemma by using the above notation. 

Lemma 2.6. Lei r he an integer with 1 < r < n. Then the following conditions 
are equivalent: 

1) Xi, ■ ■ ■ , x„ is r -standard. 

2) d^''^ : E^''^ £]p+s,g-s+i ^ 2;ero map for all p, q, s with q ^ d, 1 < s < r. 



Proof. The lemma follows by induction on r using (3.3) of [T^ . 
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Now let us begin to prove (2.5). 

Proof of (2.5). Let us consider the spectral sequence {E^''^} corresponding to 
the graded i?-module M discussed above for a part of s.o.p. xi, - ■ ■ ,Xn for M. 
We see that 

= Hl{M)/{xu x„)Hl{M){cn) 



and 

J /j;(M/(xi,---,x„)M)(c„), n<d-i 
I 0, n > d — i. 

Since iJf'^ = for p > n, we see E^ = for p > n. Thus we see that the 
graded i?-homomorphism E^^ ffn+t jg i^jgc^ive and that E^^ is a quotient of 
the graded i?-module £'2'*- 

First let us prove 1). Take an integer i satisfying i > ai^j{M) + Cj+i for all j = 
1, • • • , n—1 audi > ai{M/{xi, ■ ■ ■ , x„)M). We want to show [W^{M)/{xi, ■ ■ ■ , Xn) 
Hl{M)], = 0. Since [H^+%_,^ = [Hl{M / {xi,- ■ ■ ,Xn)M\ = 0, we have 
[E'^](^_^^ — 0. On the other hand we have isomorphisms 



El 



t Cn 



t Cn 



K^-^-\{x„---,Xr.)-Hi^^{M)) 

Hi:^{M){e,, + --- + ei^_,_J 



l<ki<—<kj^\<n 



^-(efci+-+efc._^i) 



Thus we have [E^ ^'*''''']^_^^ = for all j = 1, ■ ■ ■ , n — 1, because £ — (cfej + • • • + 
%+i) > £ - Cj+i > ai+j{M). This leads to the equality [-£^2'1^-c„ = [-^Sj1^-c„- 
Hence we have [E2'^]^_^^ = 0. Thus the assertion is proved. 

Next let us prove 2). Take an integer £ satisfying £ > ai+j{M) + cj+i for all 
j — 1, • • ■ ,d — i. Since we have 



[El 



^ l<ki<-<kj+i<n '^'^ 



as shown in the proof of 1), we get [E^ ■' = for all j = 1, • • • , 0? — i. 

Thus we have [Eg '*]£-c„ = [-^S^l^-cn ~ ^- Hence the assertion is proved. 

To prove 3) we take an integer £ satisfying £ > ai+j{M) + cj+i for all j — 
r, • • • , n-1 and £ > ai{M/{xi, x„)M). Since [H^+%_,^ = [WjM/{xi, x„)M)]^ = 
0, we have [E^^]^_^^ = 0. Also we see £'2'' = H^{M){cn), because the sequence 
xi, - ■ ■ ,Xn is 1-standard. Since 



[El 



n-j-l,i+ji ^ 

k-o — 



l<ki<---<kj^i<n 



^-(efci+---+efc-_,.i)' 
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as shown in the proof of 1), we have [Ei '^'^^'']^_^ = for all j = r, ■ ■ ■ , n — 1. 
By using Lemma (2.6), we therefore have [-E2'*]^_c„ = [E^^]^_^^. Hence we have 
[if^(M)]^ = 0. Thus the assertion is proved. 

Finally let us prove 4). Take an integer i satisfying i > ai+j{M) + Cj+i for 
all j = r, ■ ■ ■ , d — i — 1 and i > a(M) + Cd-i-i- Similarly we have [E^'-]^_^^ = 0, 

E^ = Hl^{M){cn), [Er'^'-'\.,„ = and [Er'-''%.,^ = for all j = 
r, ■ ■ ■ ,d — i. By using (2.6) we therefore have [i?2'*]£_c„ = Hence we 

have [H^{M)]^ = 0. Thus the assertion is proved. 
This completes the proof of (2.5). 

The first application of (2.5) is the following theorem which gives bounds on 
local cohomology. 

Theorem 2.7. Let M be a generalized Cohen-Macaulay graded R-module with 
dim(M) = d > Q. Let ki,---,kii-i be non-negative integers satisfying that 
m'^-'if^(M) = for j = 1, ■ ■ ■ ,d — 1. Let r be an integer with 1 < r < d. 

Let xi, - ■ ■ ,Xd be a s.o.p. for M with deg(xj) = 1 for j = 1, - ■ ■ ,d. Assume 
that the sequence ■ ■ ■ , x!^'' is r -standard for some positive integers /^i, ■ ■ ■ , /i^. 
Then we have 

1) ai{M) < ad-r{M/{xu ■ ■ ■ , Xr)M) + {d - r - t) + Y.t=i~' K + EL=i - r 
for z = l,---,(i — r — 1. 

2) a,{M) < ai{M/{x,,---,Xd-i)M) + j:t:il^a-id-t) fori = d-r,---,d-l. 

3) reg,(M) < ad-.(M/(xi, ■ ■ ■ , x,)M) + {d-r) + Y.t=T^ K + E"«=i /ia - r for 
i = 1, ■ ■ ■ , d — 1. 

Proof. First we will prove 2). By virtue of (2.5.3) we have 

ai(M)<a,(M/(xf,---,x^l7)M) 
for i = d — r, ■ ■ ■ ,d — 1, because Xi^ , x^tl'i is {d — 'j)-standard. Hence we have 

d—i 

ai{M) < ai{M/{xu ■ ■ ■ , Xd-i)M) + J2 f^a - {d - t) 

for i = d — r, ■ ■ ■ ,d — 1, hj using ||19|, (6.5). Next we will prove 1). Note that 

a,(M) < sn^{Hl{M)/mHl{M)) + k, - 1 
for J = 1, ■ ■ ■ , d - 1. (See, e.g., g, (3.3)). By virtue of (2.5.2) we see 
a,(M) < sup(/7;(M)/(xi,---,x,)iJ;(M)) + A;,-l 
< max{ai+j{M) + j + ti; j = 1, ■ ■ ■ , d - i} 
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ior i — 1, - ■ ■ ,d — 1. Now we prove the following claim. 
Claim: Let i be an integer with 1 < i < d — 1. Then we have 

ai{M) < max Lj{M) + {j - i) + J2ka;j = t,- ■ ■ , d\ 

\ a=i ) 

for t = i + 1, • • • , (i. 

We will show our claim by induction on t. The case t — i+1 has already shown. 
In case at{M) — — oo, in other words, kt = 0, the claim follows immediately from 
the hypothesis of induction. In case at{M) > — oo, in other words, kt > 0, we 
have by the hypothesis of induction 



t-1 



ai{M) < max I aj{M) + {j - i) +Y^ka;j = t,- ■ ■ ,d\ 

y. a=i ) 

< max <^ at+s{M) + s + k^ + {t - i) + Y, 

\ a=i 

t-1 > 

aj{M) + {j — i) + ka'i s = 1, ■ ■ ■ , d — t and j = t + 1, - ■ ■ ,d 

a=i J 

= max <^ aj{M) + {j - i) + J2ka; j = t + I, ■ ■ ■ ,d> . 

\ a=i ) 

Thus the claim is proved. 
In particular, we have 

{ci-r-l ^ 
aj{M) + {j-i)+ J2 kaj ^d-r,---,d\ 

ioT i — 1, • ■ ■ ,d — r — 1. By using 2), we have 

{d-r-l 
aj{M/{xi,---,Xd-j)M) + {j 

d-J ' 

+ ^l^a-{d-j)]j^d-r,---,d 

a=l J 

a 

< ad-r{M/{xi,---,Xr)M) + {d-r-i)+ Yl kd+Yl^o.-r 



a=l 



fori = — r — 1. Hence the assertion 1) is proved. The assertion 3) follows 

immediately from 1) and 2). 
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This completes the proof of (2.7). 

Our theorem (2.7) has an important corollary which is used in order to prove 



Corollciry 2.8. Let M be a generalized Cohen-Macaulay graded R-module with 
dim(M) = d > 0. Let k and r be integers with k > 1 and 1 < r < d. Assume 
that M is a {k, r)-Buchsbaum module. For i — 1, - ■ ■ ,d, 

regi(M) < ad-r{M/{xi, Xr)M) + {d - r) + {d - i)k - r 

for any part of s.o.p. Xi, - ■ ■ ,Xr for M with deg{xj) = 1, j = 1, ■ ■ ■ ,r. 

Proof. Note that x^, - • • ,x^ is r-standard. By (2.7.3) we have 



Remark. The example (4.2) shows that the bound stated in (2.8) is sharp in 
case k = r = 1. 

Another application of (2.5) is the following result. 

Theorem 2.9. Let M be a generalized Cohen-Macaulay graded R-module with 
dim(M) = d > 0. Let r be an integer with 1 < r < d. Let xi, - ■ ■ ,Xd be a s.o.p. 
for M with deg{xj) = 1 for j = 1, ■ ■ ■ ,d. 

1) Assume that xi, ■ ■ • , Xd~i is min(r, d — i)-standard for a fixed integer i = 
0, • • • , (i — 1. Then we have 



(3.2). 



d—r—l r 



regi(M) < ad_,(M/(xi,---,x,)M) + (d-r)+ ^ k+Y^k-r 



= ad-r{M/{xi, • • • , Xr)M) + {d-r) + {d- i)k - r. 



ai{M) < ai{M/{xi, 



,Xd-i)M) + 



d — i 



- 1. 



r 



2) If Xi, ■ ■ ■ ,Xd is r-standard, then 



regi(M) < ai{M/{xi 



Xd-i)M) + i + 



d — i 



- 1 



r 



for i — 0, - ■ ■ ,d — 1. 
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Proof. By (2.5.3) we have 

ai{M) < max{ajiM) + {j -i) + l,ai{M/{xi,---,Xd-i)My, 
j = i + r,---,d-l} 

< max {aj(M) + {j -i) + 2, ai{M/{xi, Xd-i)M), 

ai+r{M/{xi, ■ ■ ■ ,Xd-r-i)M) + r + 1; j = i + 2r, ■ ■ ■ ,(i - 1} 

< max {aj{M) + (j -t) + 2, a,{M/{xi, • • • , Xd-i)M) + 1; 

j = i + 2r,---,d-l}. 

By repeating this step we finally have 

d — i 



ai{M) < max |aj(M) + (j - i) + 

ai{M/{xi,---,xa-i)M) + 
d — i 



-1, 
d — i 



-2; 



^ + 



-l]r,---,d-l 

d — i 



< ai(M/(xi,---,Xd-i)M) + 



for i = 0, • ■ ■ , d — 1. Hence the assertion 1) is proved. The assertion 2) is an easy 
consequence of 1). 

Corollciry 2.10. Let M be a generalized Cohen-Macaulay graded R-module with 
dim(M) = d > 0. Let r be an integer with 1 < r < d. Assume that M is a 
(1, r)-Buchsbaum module. For i — 0, ■ ■ ■ ,d — 1, 

[d - 1 

re&(M) < ad-r{M/{x^, • • • , Xr)M) + (d - r) + - 1 

for any part of s.o.p. Xi, - ■ ■ ,Xr with deg(a;j) = 1, j — 1, • • • ,r. 
Proof. It follows immediately from (2.9). 

Remark. We have assumed that the degree of a s.o.p. xi,---,Xd is one in 
(2.7), (2.8), (2.9) and (2.10). We took that assumption for simplicity, although 
generalized results are similarly proved. 

Further, we have two more results of Theorem (2.5). 

Corolleiry 2.11. Let M be a k-Buchsbaum graded R-module with dim(M) — d> 
0. Then we have 

regj(M) < a{M) + d + k{d-i) 
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for i = 1, - ■ ■ ,d. 



Proof. It follows immediately from the claim in the proof of (2.7). 



Remark. Corollary (2.11) was firstly obtained in |2y], (3.4). We will show in 
this paper that the inequality of (2.11) is sharp for all d and k, even in the case 
M = i? is an integral domain, see (4.1). 

Proposition 2.12. Let M be a (1, r)-Buchshaum graded R-module with dim(M) = 
c? > 0. Then we have 

d - I 

regi(M) < a{M)+d + 
for i = 1, - ■ ■ ,d. 

Proof. The proof is similar to that of (2.9) by using (2.5.4). 

Remark. Let us consider in (2.12) the special case that M is Buchsbaum, that 
is, r = d. Then we get for i > 1 

regi(M) < a{M) + d+l. 

This result can be obtained also by the structure theorem of maximal Buchsbaum 
modules. Let us explain this approach suggested to us by S. Goto: First we 
take a polynomial ring T such that M is a maximal T-module. By the structure 
theorem 0, we see that M as a graded T-module is a direct sum of some twistings 
of i-th syzygy modules Ei. On the other hand we know that reg (Ei) = i and 
a{Ei) = i — 1 for i = 1, ■ ■ ■ ,d — 1. Hence we have 

reg i(M) < a(M) +d+l 

for alH > 1. 



3 Bounds on Castelnuovo-Mumford regularity 

Let K be an algebraically closed field . Let X be a nondegenerate closed sub- 
variety of P^ with dim(X) = d. Let R be the coordinate ring of X with 
dim(i?) = d + 1. We assume that X is irreducible and reduced, that is, R is 
an integral domain. 

Before stating our main results of this section we need the following lemma 



which is well-known, (see, e.g., |jT8|, Corollary 2; [20], 4.6(b)) 
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Lemma S.l. Under the above condition, we have 

^deg(X) - 1 



a{R) + d+l < 



codim(X) 



The following is our main result of this section, which extends 
improves |g, (3.1.5) and |12|, (3.6). 



(4.8) and 



Theorem 3.2. Let X be a non- degenerate closed subvariety ofP^ with dim(X) = 
d over an algebraically closed field K. Let R be the coordinate ring of X . Assume 
that X is a {k,r)-Buchsbaum variety for some integer k and r with k > 1 and 
1 < r < d. Then we have 



reg (X) < 



deg(X) - 1 
CO dim (X) 



+ {d+l- depth {R))k - r + 1 



Proof. It follows immediately from (2.8) and (3.1). 



Remark. Comparing with the inequality of |]T2[, (3.6), we see that our result 
improves their result in all cases. We have only to check that 



d + 2-r 
2 



k — d. 



d + 2-r 
2 



dk-r < y{r -1) + 
Firstly we can easily show that 

d<{r-l) + 

So we have only to study the case k = 1, which is left to the readers. 

The next theorem generalizes known results for quasi-Buchsbaum varieties, 
see, e.g., 0, |9|. 

Theorem 3.3. Let X be a non- degenerate closed subvariety ofP^ with dim(X) = 
d over an algebraically closed field K. Let R be the coordinate ring of X . Assume 
that X is a {l,r)-Buchsbaum variety for some integer r with 1 < r < d. Then 
we have 



reg (X) < 



deg(X) - 1 
CO dim (X) 



+ 



+ 1 - depth (R) 



Proof. It follows immediately from (2.10) and (3.1). 
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4 Examples and open problems 



The purpose of this section is to describe sharp examples of (2.11) and (2.8). 
Moreover, we conclude with some open problems. 

Let X C be a projective variety with dim(X) = d > 1 over an alge- 
braically closed field K of characteristic 0. Let R be the coordinate ring of X. 
Assume that X is (/c, r)-Buchsbaum for some integers k and r with A; > 1 and 
1 < r < d. Let L be an (A^ — r)-plane in with dim(X fl L) = d — r. Let R' 
be the coordinate ring of X fl L. 

Under the above condition, Corollary (2.11), Corollary (2.8) and Theorem 
(3.2) are stated as follows: 



:2.ir 



reg (X) < a{R) + (d + l) + kd + l, 



Note that: 



(2.8) 
(3.2) 



reg (X) < a{R') + {d + l-r) + kd-r + l 

"deg(x) - r 



reg (X) < 



codim (X) 



+ kd-r + l. 



a{R) + id+l)< a{R') + (rf + 1 - r) < 



deg(X) - 1 
codim (X) 



Hence (3.2) follows from (2.8). Moreover, (2.11) gives the following bound in case 
r = 1: reg(X) < a{R') + d + kd + 1. But this result is improved in (2.8). 

Now we will give sharp examples of (2.11) and (2.8) in Example (4.1) and 
Example (4.2) respectively. These examples are based on ideas of fl^, (3.4) and 
[0, (3.9). 

The first example shows that the inequalities of (2.11) are sharp for all d and 

k. 



Example 4.1. Let d be an integer with d > 1. Let Yj be the projective line 
P\ over an algebraically closed field K for j = 1, ■ ■ ■ , d + 1. Let Y be the 
Segre product of 1^- (j = 1, ■ ■ ■ ,d + 1), that is, Y = Yi x ■ ■ ■ x 1^+1- Let 
Pj : Y ^ Yj be the projection for j = 1, ■ ■ ■ ,d + 1. We write an invertible 
sheaf plOpi{ni) ® ■ ■ ■ ® p^j^_iOpi{nii+i) on Y as Oy(ni, ■ ■ ■ ,nd+i) through the 
isomorphisms Pic (F) = Pic (Yi) © ■ ■ ■ © Pic (l^+i) = Z®"'+^ On the other hand 
Y is embedded in the projective space P^, where N = 2'^'^^ — 1. Then, for any 
n G Z, Cp^(n)|y = Oy(n, ■ ■ ■ ,n). There exists an irreducible smooth effective 
divisor X of F corresponding to the invertible sheaf Oy (ni, ■ ■ ■ , rid+i) for all pos- 
itive integers ni, ■ ■ ■ , n^+i. (See, e.g., 0, p231.) Let be a positive integer. Let 
us take integers nj = 1 + {k + — 1) for j = 1, ■ ■ ■ ,d + 1. Then we can take a 
non-singular subvariety X of F such that the ideal sheaf J7x/y is isomorphic to 
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(9y(— ni, ■ ■ ■ , —Ud+i). Let R be the coordinate ring of X in P^. Then R is an 
integral domain with dimi? = d + 1. In order to get a{R) and ai{R), i = 1, ■ ■ ■ ,d, 
we use the following exact sequence and the isomorphisms: 

^ H^'-^R) ^ © H''+\Y, Jx/rii)) ^ © H''+\Y, ^ 

and 

H'JR) ^ ©^ jTx/y (£)), z ^ 0, d + 1, 

because Y is arithmetically Cohen- Macaulay (see, e.g., JI^, (3.1)). Since we have 
by Kiinneth's formula: 

^"+'(r, Jx/Y{i)) = H\Opi{i - m)) © ■ • ■ ® H\Opi{£ - rid+i)) 

and 

we see that H'^+^iY, Jx/ri^)) ^ if £ < mini<j<d+i(nj - 2) = -1 and that 
Hd+i(j^^ Cy(£)) ^ for £ < -2. Thus we have a{R) = -1 from the above exact 
sequence. Next let us take a fixed integer i with 1 < i < d. Similarly we have by 
Kiinneth's formula 

W{Y,Jx/Y{i)) = H\Opi{i-n,))®---^H\Opi{i-nd^,+i)) 

So we see that H'{Y, Jx/rii)) ^ if na-i+i < i <nd-i+2-2, that is, {k + l){d- 
i + l)-k <£< {k + l){d-i + l)-l. Thus we have a^Ji?) = {k + l){d-i + l) -I 
for 1 < i < d. Also we have regj(i?) = k{d — i + 1) + d for 1 < i < d, so 
reg (R) = {k + l)d. Further we can easily see that i? is a fc-Buchsbaum ring. 
Thus we have a non-singular projective fc-Buchsbaum variety X in with 
dim(X) = d, a{R) = —1 and reg (X) = kd + d + 1. Hence this example yields 
the equality stated in (2.11). 

The second example shows that the inequalities of (2.8) are sharp in case 
k = r = 1. Also it is possible to give examples even in case r > 1 and k = 1. 
In fact we have only to take some higher dimensional projective space instead of 
P], in (4.2). 

Example 4.2. In Example (4.1), we take k = 1. Then the quasi-Buchsbaum 
ring R gives the equality of Corollary (2.8) for all d in case k = r = 1. In fact, we 
can easily see that a{R/hR) = 1 for generic elements h of Ri. Then we see that 

legiiR) = 2d-i + l 

and 

a{R/hR) + d+{d+l-i)-l-l = 2d-i + l 
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for i = 1, ■ ■ ■ ,d. Hence this example yields the equality stated in (2.8). 



Finally we conclude by describing some open problems which are arised nat- 
urally from our investigation. We take the notation and assumption of the be- 
ginning of this section. 

Problem 1. Generalize (2.11) for (fc, r)-Buchsbaum varieties for all r > 1, or 
construct example of {k, (i)-Buchsbaum varieties with dim(X) = d satisfying the 
equality of (2.11) for all k and d. 

We note that the examples in (4.1) are not (fc, (i)-Buchsbaum for ci > 2 by 
using arguments of 



Problem 2. Improve the bound stated in (2.8) in order to get sharp examples 
for all k and d at least in case r = 1. 
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